Abstract. -We present generalized Green-Kubo expressions for thermal transport coefficients µ in fluid-type systems, of the generic form, µ = µ∞ + ∞ 0 dt V −1 Jǫ exp(tL)J 0, i.e. a sum of an instantaneous transport coefficient µ∞, and a time integral over a time correlation function in a state of thermal equilibrium between a current J and a transformed current Jǫ. The streaming operator exp(tL) generates the trajectory of a dynamical variable J(t) = exp(tL)J when used inside the thermal average · · · 0. These formulas are valid for conservative, impulsive (hard spheres), stochastic and dissipative forces (Langevin fluids), provided the system approaches a thermal equilibrium state. In general µ∞ = 0 and Jǫ = J, except for the case of conservative forces, where the equality signs apply. We present applications for a disordered heat conductor, a Langevin fluid, and the most important one to a hard sphere fluid.
The Green-Kubo formulas for thermal transport coefficients in simple classical fluids with conservative interactions are widely used, and generally accepted [1, 2, 3] as exact expressions for general densities, as long as the deviations from equilibrium and the gradients are small, and the transport coefficients exist. These expressions are given in terms of equilibrium time correlation functions between N -particle currents, i.e.
where µ denotes a typical transport coefficient, . . . 0 is an average over a thermal equilibrium ensemble at temperature T = 1/k B β, with a weight ρ 0 ∼ exp[−βH], and lim V →∞ denotes the thermodynamic limit. In the sequel this limit is understood, but not explicitly written.
The time evolution of a dynamical variable, J(t) = e tL J(0), can be described by a streaming operator e tL , and is invariant under the time reversal transformation. The infinitesimal generator, L, referred to as Liouville operator, changes sign under the time reversal transformation.
The total microscopic flux J = lim k→0 j k is related to the Fourier mode a k of a conserved density through the local conservation law, ∂ t a k ≡ La k = −ik · j k , and contains in general contributions from kinetic transport, and from collisional transfer, i.e. transport through inter-particle forces.
However, what happens if the forces are not conservative? Do Green-Kubo formulas still exist? Apparently the answer is affirmative, as such formulas have been derived: for elastic hard sphere fluids with impulsive forces [4] ; for lattice gas cellular automata [5] and multi-particle collision dynamics (MPCD) models [6] , where the discrete time dynamics involves stochastic variables, and for mesoscopic Langevin fluids [7, 8] , where N -particle systems are described by Langevin equations containing dissipative and stochastic forces. Note however that the equations of motion are not always time reversal invariant. These are just a few examples, but there are many more non-equilibrium fluid-type models [9] , that take fluctuations into account, satisfy detailed balance criteria, and reach thermal equilibrium, for which Green-Kubo formulas have or can be derived.
The goal of this letter is to present generalized Green-Kubo expressions, without any restrictions to dilute systems, for large classes of N -particle systems, that do approach a state of thermal equilibrium, but whose equations of motion may lack time reversal invariance. The forces may be impulsive, dissipative, stochastic, and possibly include conservative forces as well. The generic form of these expressions is,
The pseudo-streaming operators exp(tL) with t > 0 are well-defined for all points in the relevant phase space, and generate the proper trajectories of the dynamical variables when used inside statistical averages · · · 0 . The prefix pseudo refers to the fact that the representations exp[tL] is only valid inside averages. The only known results of the generic form (2) is for the transport coefficients of the hard sphere fluid, as recently derived in Ref. [4] . The plan of this paper is to first illustrate the method with a simple Langevin-type model, and subsequently to give the Green-Kubo expression for the shear viscosity in the Langevin fluid, referred to as DPD (Dissipative Particle Dynamics) fluid, and in the hard sphere fluid.
In systems, such as lattice gas cellular automata and MPCD models, the dynamics does not contain any dissipative interactions, but involves stochastic variables, and the averages · · · 0 include averages over all realizations of these stochastic variables. Here the microscopic equations of motion inside averages are time reversal invariant, and the Liouville operators satisfy the relations, L ǫ = −L and L = −L, as is the case for conservative systems. The tilde denotes the adjoint or transposed operator. Here L ǫ denotes the time reversal transform of L, where variables, odd under the time reversal transformation, reverse sign (e.g. velocities), and even variables remain unchanged (e.g. positions, energies). The transformed current, J ǫ = lim k→0 j ǫk , is defined through the relation L ǫ a k ≡ +ik · j ǫk , where the sign is chosen such that J ǫ = J for systems with time reversible dynamics. Note that J ǫ is not equal to the time reversal transform of J.
Next, we consider the Langevin fluids, described by the Langevin equations, or by the corresponding Fokker-Planck equation ∂ t ρ = Lρ for the N -particle probability distribution ρ(Γ, t) [10] . As we are interested in time correlation functions, it is sufficient to define pseudostreaming operators e tL for the time evolution of dynamical variables inside averages. This may be done through the relation,
In this formulation averages over the realizations of stochastic forces are already accounted for in the Fokker-Planck equation. Because of the presence of dissipative forces, the Fokker-Planck equation is not time-reversal invariant. Consequently, L ǫ = −L. On the other hand, these Langevin equations have been constructed such that dissipative forces and random forces are related by the fluctuation-dissipation theorem. This implies that detailed balance holds, that the Fokker-Planck equation has an H-theorem, and that the steady state solution is the Gibbs's distribution ρ 0 . For Fokker-Planck equations, satisfying the detailed balance criteria, the operator L satisfies the symmetry relation [10] ,
where L is defined as the double transform of L, i.e. adjoint and time reversal transform, L = L ǫ . The same relation between pseudo-Liouville operators and ρ 0 holds for hard sphere fluids as well [11] . This symmetry relation is an essential ingredient in the derivation of the Green-Kubo expressions for transport coefficients that lack time reversal invariance. Equation (4) also implies that equal time correlation functions A(t)B(t ′ ) 0 are stationary, i.e. depend only on the time difference.
In equation (2) there are two conspicuous differences with respect to the standard GreenKubo formula. The fluxes J ǫ and J inside the equilibrium time correlation function are unequal, and there appears an additional instantaneous transport coefficient µ ∞ , that solely depends on equilibrium properties. For purely conservative dynamics, µ ∞ = 0 and J ǫ = J.
Heat conducting random solid: We start with a simple example of a system, where the Fourier mode of the energy density, e k = i δǫ i exp[−ik·r i ] (with fluctuation δǫ i = ǫ− ǫ 0 ), is the only slow microscopic mode. The microscopic equation of motion for the Laplace transform e kz of e k (t) is, (z − L)e kz = e k . In the long wave length limit (k → 0) the hydrodynamic propagator satisfies the relation,
where D = λ/nC v is the heat diffusivity, λ the heat conductivity, and C v the specific heat per particle. The projection operator method [1, 3] enables us to derive an exact expression for D or λ. To do so we introduce the projection operator P = 1 − P ⊥ acting on a dynamic variable b k as Pb k = e k |b k / e k |e k . The inner product is defined as a thermal average,
Writing this in component form, and comparing the result with (5) yields for D,
where Lim represents the double limit, lim z→0 lim k→0 , ℜ denotes the real part, andĜ z reduces in the small-k limit to the projected resolvent, P ⊥ (z − L) −1 P ⊥ [3] . To obtain the second term we have used the relation e k |LP ⊥ · · · = L ǫ e k |P ⊥ · · · , based on the symmetry relation (4). To compute the explicit form of the currents one needs the explicit form of the operators L and L ǫ . To make the model more explicit we consider the heat conducting DPD solid, introduced in Refs. [12, 8] . It consists of N point particles, quenched in a random configuration X = {r i |i = 1, · · · , N }, and contained in a volume V . Each particle is characterized by its internal energy ǫ i , collectively denoted by e = {ǫ i (t)|i = 1, · · · , N }, which are the only dynamical variables in the model. The internal energy corresponds to many internal degrees of freedom, described by a density of states ∼ ǫ α , where α is proportional to the number of internal degrees of freedom (α ≫ 1). Then each particle is by itself a mesoscopic subsystem. Energy is exchanged between the particles through dissipative and stochastic forces of finite range, which obey detailed balance criteria. The total energy, E = i ǫ i (t) is conserved, and the N -particle system approaches a state of thermal equilibrium. The system supports a local heat current, driven by gradients in the local energy density or temperature field. So, at the macroscopic level Fourier's law of heat conduction applies, at least if the density of particles is above a critical percolation threshold. Our goal is to derive a Green-Kubo expression for the heat conductivity of this quenched Langevin fluid-type model.
The Langevin equations for the time evolution of the dynamical variables ǫ i (t) and the corresponding Fokker-Planck equation for the N -particle probability density ρ(e, t|X) in a fixed configuration X of N point particles have been derived to dominant order O(1/α) in Ref. [12, 8] . We only quote the adjoint Fokker-Planck operator L which reads,
Here ∂ ij = ∂/∂ǫ i − ∂/∂ǫ j , and λ ij = λ 0 w(r ij ) with a positive range function w(r ij ) vanishing for r ij ≥ r c . The equation above shows that L ǫ = L because ǫ i does not change sign under a time reversal transformation. The microscopic energy fluxes for small k are obtained as [8] ,
and we recall that the inner product in (7) involves complex conjugation. The Green-Kubo formula for heat conductivity in the heat conducting random solid is then,
A few comments are in order here: (i) The Green-Kubo expression (10) has the generic form for systems with dynamics lacking time reversal invariance. Because L ǫ = −L, necessarily λ ∞ = 0, and Q ǫ = Q. The instantaneous transport coefficient, given by the first term in (7),
The appearance of a non-vanishing λ ∞ is a very robust feature of Langevin fluids. If one takes the standard kinetic theory approach, constructs a mean field-type Boltzmann equation for Langevin fluids and applies the Chapman-Enskog solution method, the same value of the instantaneous transport coefficient λ ∞ is found from the local equilibrium average of the energy current, Q loc = −λ ∞ ∇T , as calculated in Eqs. (3.3)-(3.10) of Ref. [8] . (ii) A special feature of the quenched heat conductor is that Q ǫ = −Q. The current Q in (9) represents transport through collisional transfer, as it contains only dissipative pair forces. More importantly, computer simulations of the heat conductivity for the present model have shown that at large densities λ ∞ ∼ O(n 2 ) is the main contribution to λ, and the remaining time integral gives only a negligible contribution. This is illustrated in Ref. [8] for the two-dimensional case by the results for D = λ/nC v versus density in Fig.2 , and for λ/λ ∞ versus density in Fig.3 . The same figure also shows that λ/λ ∞ < 1 for decreasing density, indicating that the time integral over the Q-Q-time correlation function is positive, or over the Q ǫ -Q-correlation negative, consistent with the signs in (10) . (iii) In Ref. [8] , dealing with the quenched heat conducting DPD solid, an intuitive generalization of a Green-Kubo expression was presented, that led to an incorrect result, in which the instantaneous transport coefficient λ ∞ is missing, and the minus sign in front of the time integral in the second equality in (10) is incorrectly changed into a plus sign. This incorrect formula has not been used in any analytic or numerical computation.
Isothermal DPD fluid: Next we will consider the so called isothermal DPD fluid [13, 14] , for which Green-Kubo formulas have been proposed in Ref. [7] . It is a mesoscopic version of a 
where γ ij = γ 0 w(r ij ), the double prime on v ij and ∂ ij stands for the longitudinal component, parallel tor ij , i.e. a ′′ ij =r ij · a ij , and ∂ ij = ∂/∂v i − ∂/∂v j . The symmetry properties in (11) show that the equations of motion are not time reversal
Consequently the transport coefficients contain instantaneous contributions. In the DPD fluid total mass and momentum are conserved, but not the total energy. So mass density n k and momentum density g k are the only slow Fourier modes. Consequently the fluid exhibits shear and bulk viscosity. The transport coefficients are given by the matrix generalization of Eq.(7) (see [3] ). Here we restrict ourselves to the shear viscosity η. It is given by an expression similar to (7) with e k replaced by the transverse momentum density g k⊥ = i mv iy exp[−ikr ix ] where k is taken parallel to the x-axis for convenience. One obtains using (7) and (11),
Some comments here as well: (i) We used for small k the relation Lg k⊥ ≃ −ikJ xy , where the total momentum current J xy = J The symmetry relation (4) implies that η cd = η dc . (iv) In the Green-Kubo formulas for the DPD-fluid, proposed in Ref. [7] , the terms η ∞ , η cd and η dc are missing, and η dd has the wrong sign. The results for the Langevin solid [8] and fluid [7] show that intuitive generalizations of such formulas may easily lead to incorrect results.
Hard sphere fluid: This article is a study on systems lacking time reversal invariance, and it requires some explanation why the elastic hard sphere fluid belongs to this category. First of all the Liouville operator in terms of L c in (11) is ill-defined because of the impulsive nature of the forces in hard sphere systems. So, the time evolution is described by the pseudo-streaming operator exp[tL] with t > 0, defined for all points in Γ-space. They generate the proper hard sphere trajectories, which are expected to be time reversal invariant. The caveat is in "all ". As is well known from the kinetic theory of hard spheres [11, 16, 17, 4 ] the correct hard sphere dynamics inside statistical averages is generated by the combination ρ 0 A(t) = ρ 0 e tL A(0). Here the presence of ρ 0 guarantees that a zero weight is given to the unphysical overlapping initial configurations, for which the pseudo-streaming operator generates trajectories as well. The latter trajectories are not invariant under the time reversal transformation. The reason is that the forward trajectory -generated by exp[tL] = exp[tL + ] with t > 0 -is only partially retraced by the backward (time reversed) trajectory -generated by exp[tL ǫ ] = exp[−tL − ] with t > 0 -for all times larger than the separation time of the initially overlapping spheres. Consequently L = −L ǫ , or in the notation of hard sphere kinetic theory L + = L − . Next we discuss the symmetry relation (4) for hard sphere systems. Due to the properties described above a hard sphere time correlation function A(0)B(t) 0 = A(−t)B(0) 0 with t > 0 depends only on the time difference, or explicitly,
In the last equality the adjoint has been introduced. By comparing the utmost left and right expressions, and using the definitionL = L ǫ , we obtain the equality ρ 0 exp[tL] = exp[tL]ρ 0 valid inside thermal averages. This relation implies the symmetry relation (4) .
So the fundamental conditions for the validity of the generalized Green-Kubo expressions are satisfied, and guarantee the identical structure (2) of the Green-Kubo expressions for such vastly different systems as hard sphere fluids and Langevin fluids.
We start from the expressions for L = L + and L ǫ = −L − in the notation of hard sphere kinetic theory, i.e.
Here
is the inertial part. The binary collision operators satisfy the relations T ± =T ǫ ± and T ǫ ± = T ∓ , and their explicit forms can be found in the literature [11] . Repeating the steps yielding (12) one obtains the shear viscosity for the hard sphere fluid in the form,
Also here we give a number of comments: (i) J xy is the total momentum current, obtained for small k from the relation L ± g k⊥ ≃ −ikJ ±xy = −ik(J 
The constraint (∓) on theσ-integration restricts that integral to the pre/post-collision hemisphere where ∓v ij ·σ ≥ 0. The explicit expressions are identical to those in Section 3.1 of Ref. [4] . (ii) The instantaneous viscosity η ∞ is proportional to k −2 g k⊥ |Lg k⊥ , and is calculated in Ref. [4] 
, where σ is the diameter of the hard spheres, and t E the Enskog mean free time. The presence of a non-vanishing η ∞ is a direct consequence of the relation L ǫ = −L. We further note that η ∞ ∼ O(n 2 ) is also present in the Enskog theory for dense hard sphere fluids, where it is found as the collisional transfer part of J ±xy in local equilibrium, i.e. J 
Here η 0 is the low density Boltzmann value of the shear viscosity, χ = g 0 (r = σ + ) is the value of the radial distribution at contact, and b = (1/2d)Ω d σ d is the excluded volume, equal to half the volume of a d-dimensionaal sphere of radius sigma. The expression above shows that the Enskog theory gives for the shear viscosity other contributions of order n 2 at high densities. (iii) The symmetry relation (4) implies the equality of the contributions to the transport coefficient, η cd = η dc , as well as the equality of the corresponding correlation functions. (iv) For hard spheres fluids the Green-Kubo expression (15) for the shear viscosity has already been derived in Ref. [4] , although the derivation in Ref. [4] is not entirely satisfactory. The reason is that it starts from the Einstein-Helfand formulas [1, 2] , which are themselves already time correlation functions, and it uses some identities for the pseudo-streaming operator which offer little insight in the origin and robustness of these instantaneous contributions.
The detailed derivations of the Green-Kubo formulas for the complete set of transport coefficients for the quenched heat conducting solid, for the DPD fluid, and for the hard sphere fluid will be published elsewhere.
